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I .  INTRODUCTION 
The economics of tracking systems for solar concentrators depend 
d i r e c t l y  on t h e  p r e c i s i o n  demanded i n  f o l l o w i n g  t h e  s o l a r  d i s c .  The 
r equ i r ed  p rec i s ion  i s  determined by the concentrator 's  performance 
s e n s i t i v i t y  t o  t r a c k i n g  e r r o r s  and by the  concent ra t ion  requi rements  
of  a pa r t i cu la r  app l i ca t ion .  Spec i f i ed  ene rgy  co l l ec t ion  cond i t ions  
are  achieved by appropr ia te  des ign  of  a primary con-centrator-absorber 
system o r  primary concentrator-secondary concentrator-absorber system. 
Such design i s  poss ib l e  on ly  i f  t he  so l a r  imag ing  and f l u x  t r a n s f e r r a l  
(transmission/reflection) p r o p e r t i e s  o f  t h e  p r i m a r y  c o n c e n t r a t o r  a r e  
known f o r  a va r i e ty  o f  cond i t ions ,  i nc lud ing  imper fec t  sun t r ack ing .  
Design and optimum placement of a secondary concentrator  and/or  absorber  
r equ i r e  an  eva lua t ion  o f  t he  concen t r a to r  imag ing  sens i t i v i ty  to  de focus ing .  
An e c o n o m i c a l l y  a t t r a c t i v e  c o n c e n t r a t o r  o f  t h e  r e f r a c t o r  t y p e  
f o r  medium concen t r a t ion  app l i ca t ions  i s  t h e  l i n e a r  f l a t  base Fresnel  
l ens .  The so la r   concen t r a t ion   cha rac t e r i s t i c s ,   i nc lud ing   de focus ing   s en -  
s i t i v i t i e s ,  o f  a per fec t ly  t racking ,  l ine  focus ing  Fresne l  lens  have  been  
ana lyzed   dur ing   th i s   s tudy  afid r e p o r t e d  i n  d e t a i l  i n  R e f e r e n c e  [ l ] .  I n  
actual concen t r a to r  ope ra t ion ,  bo th  ax ia l  and t r a n s v e r s e  t r a c k i n g  e r r o r s  
will occur.  A gene ra l  ob jec t ive  o f  t he  p re sen t  p ro jec t  i s  t o  examine t h e  
e f f e c t s  on performance of a t r a n s v e r s e  t r a c k i n g  e r r o r  f o r  t h i s  type of  
so l a r  concen t r a to r  u s ing  s imple  op t i ca l  ana lys i s ,  r ay  t r ac ing  t echn iques ,  
and computer  generat ion of  example data .  Zero axial  a l ignment  error  i s  
assumed  and a l l  inc ident  so la r  rays  a re  approximated  as having no a x i a l  
component. S p e c i f i c   o b j e c t i v e s   a r e   t o  compute the   l ens   t r ansmi t t ance  
degradat ion and t h e  image p r o f i l e  s h i f t  and d i s t o r t i o n  u n d e r  small 
t r a n s v e r s e  t r a c k i n g  e r r o r  c o n d i t i o n s  (52 .5 ' )  f o r  two NASA t e s t  a r t i c l e s :  
a 56 cm wide, f /1.0 and a 1.83 meter  wide,  f /0 .9  lens .  
11. THEORY 
The so la r  t ransmiss ion  and  concent ra t ion  characterist ics o f  a 
Fresne l  lens  wi th  a small t r a n s v e r s e  t r a c k i n g  e r r o r  ( < 2 . 5 ' )  a r e  
s tud ied  us ing  op t i ca l  r ay  t r ace  t echn iques  s imi l a r  t o  those  in  
p rev ious  ana lys i s  fo r  a pe r fec t ly  t r ack ing  concen t r a to r  [ 1 , 2 , 3 ] .  The major 
change  occurs   in   the loss  of  symmetry  about t h e  l e n s   a x i s .  The lens  
i s  assumed t o  have a compression molded geometry and t o  b e  f r e e  o f  
manufac tur ing   defec ts ,  wind load ,  and  thermal  expansion  effects.   Other 
assumptions  include: 
- The h e i g h t  o f  a s e r r a t i o n  on t h e  l e n s  i s  much less t h a n  t h e  
foca l   ength .  
D i f f r a c t i o n  by groove edges i s  n e g l i g i b l e .  
* Any anomalous d i spe r s ion  effects  near  absorp t ion  bands  in  the  
a c r y l i c  h a v e  n e g l i g i b l e  effect .  
- The  sun i s  a uniform source of  radiat ion.  
* The s o l a r  f l u x  r e f r a c t e d  b y  a s i n g l e  s e r r a t i o n  i s  uniformly 
d i s t r i b u t e d  o v e r  t h e  beam sp read  wid th  in  the  in t e rcep t  p l ane  
benea th  the  l ens .  
Lens o r i e n t a t i o n  i n  t h e  s e a s o n a l  ( l o n g i t u d i n a l )  d i r e c t i o n  i s  
pe r fec t ;  so l a r  r ays  a re  approx ima ted  as having no a x i a l  components. 
A .  Transmission Characterist ics 
Following a previous  ana lys i s  [ I ] ,  t h e  t o t a l  t r a n s m i s s i o n  
c o e f f i c i e n t  i s  w r i t t e n  as a product :  
T = T1TaT2Ts, (1) 
with Tl t he  F resne l  t r ansmi t t ance  f ac to r  f o r  t h e  f i r s t  lens s u r f a c e ,  
Ta a bu lk  t r ansmi t t ance  f ac to r ,  T2 t h e  F r e s n e l  f a c t o r  f o r  t h e  
second  surface,  and Ts a "shading"  factor .   While   the  empir ical  
t r ea tmen t  o f  abso rp t ion  (Ta) i s  unchanged, t h e  F r e s n e l  f a c t o r  TITZ 
i s  now eva lua ted  fo r  r ays  from t h e  s u n ' s  c e n t e r  i n c i d e n t  a t  a n  
2 
angle 6, t h e  t r a n s v e r s e  e r r o r  a n g l e ,  r a t h e r  than  f o r  r a y s  normal 
t o  t h e  l e n s  s u r f a c e .  
The transmissivity f o r  n a t u r a l  l i g h t  inc ident  a t  the  boundary  
between two o p t i c a l  media is given by 
s i n  2$i s i n  2$t 11 + sec2  ($ i  - tJt)l 
T ( @ i > @ t )  = (2) 
2 s i n 2 ( $ i  + $t) 
where $i and  $t a re  the  angles  of  inc idence  and r e f r a c t i o n ,  
respec t ive ly .   Refer r ing   to   F igure   l (a )  and u s i n g  S n e l l ' s  law of 
r e f r a c t i o n ,  t h e  a n g l e s  f o r  t h e  f i r s t  s u r f a c e  a r e  
$i = 6 
$t = Arcsin (-), s i n 6  
where n is the  appropr i a t e  i ndex  of r e f r a c t i o n .  
For  the  ser ra ted  sur face  on the  "upper"  ha l f  o f  the  lens ,  
t he  inc iden t  ang le  $I and re f rac t ion  ang le  $; a r e  ( F i g u r e  l ( a ) )  
4; = e + $t 
$: = Arcsin (n s i n  $:), ( 4) 
and for  the  " lower"  ha l f  (F igure  l (b) )  
$; = le - $ t l >  ( 5) 
with $; as above. 
Here €I i s  the groove angle given by [I] 
r > 
8 = Arctan Y 
N[ y2 + ( f - t ) 2  ] ' - ( f - t )  
w i th  y  the  se r r a t ion  d i s t ance  from t h e  l e n s  c e n t e r l i n e ,  f t he  foca l  
length ,  t the  lens  center  th ickness ,  and N the design index of 
r e f r a c t i o n .  
Thus the  product  TIT2 can be evaluated from 
Figure 1. Refraction of r ays  from c e n t e r  o f  s u n  
Rays o f  s u n l i g h t  i n c i d e n t  on a s e r r a t i o n  may be  re f rac ted  such  
t h a t  t h e y  e i t h e r  s t r i k e  t h e  s e r r a t i o n  e d g e  s u r f a c e  o r ,  a f t e r  p a s s i n g  
t h r u  t h e  l e n s ,  are obs t ruc t ed  by an  ad jacen t  s e r r a t ion .  In  t h i s  
ana lys i s  such  rays a r e  assumed l o s t ,  i.e., do n o t  c o n t r i b u t e  t o  
t h e  i n t e n s i t y  p r o f i l e  i n  a n  image plane below the lens.  Since the 
s t e p  h e i g h t s  a r e  d i m i n u t i v e  and t h e  t r a n s v e r s e  e r r o r  i s  assumed small, 
the  losses  a re  a l so  expec ted  minor .  
As dep ic t ed  i n  Figures  2 and 3 fo r  t he  uppe r  and lower lens 
ha lves ,  respec t ive ly ,  var ious  poss ib le  "shading"  cases  for  inc ident  
s u n l i g h t  must  be considered.  The method o f  a n a l y s i s  f o r  t h e  f r a c t i o n s ,  
Fu and FQ, o f  i n c i d e n t  l i g h t  l o s t  t h r u  t h e  v a r i o u s  i l l u s t r a t e d  c a s e s  
f o r  a g i v e n  s e r r a t i o n  ( t h e  i t h )  and f o r  a par t icu lar  wavelength  is ou t -  
l i n e d  i n  t h e  Appendix. The r e s u l t s  a r e  summarized  below: 
CASE: F igure   Z(a) ,   upper   ha l f .  
F,' 6 t a n e i  n 
F; = (6 + p)Z t a n e i ,  
4an 
6 < a. 
CASE: Figure Z(b) , upper  ha l f .  
F; = 0,  
f o r  6 < a and nei 5 a - 6 
F;I = 0 f o r  6 < a and n8i > a - 6. 
5 
_. " 
Figure 2 .  Groove edge losses f o r  upper lens h a l f .  
6 
Groove edge losses for lower lens  half. 
CASE: F igure   2 (c) ,  upper h a l f .  
and where 
A = s i n  fJi ; 
B = cos 9 .  ’ 
I ’  
@io = Arcsin { n s i n  [e i  - Arcsin ( 
(16) 
111 ; ( 1 7 )  
s i n  Bi  
n 
p(x) : (1 - n’A’) + (2n AB)x - (B2)x2 ; 
t 
CASE: F igu re   3 (a ) ,  lower ha l f  
F Q = O ,  6 < u ;  - 
~i (a  - 6)’ t a n g i ,  6 < a .  
4 cm 
8 
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CASE: Figure 3(c), lower   ha l f .  
f o r  nei > 6 + a, and  (24) 
FIIt = t ane i+ . l  
2an 
R .' nAB(nOi - @io) + 2(n A2 2 ei 2 - $io2) 
2n2A (AB2 - 1)  -1 
2B2 
- o(nei)  , f o r  6 + a > nei. (25) 
The l o s t  f r a c t i o n  o f  i n c i d e n t  l i g h t  is 
F = F' + F" + F" u u  u u '  
fo r  t he  uppe r  and  lower  ser ra t ions ,  respec t ive ly .  
Then 
Ts = 1 - Fu (upper) 
and 
Ts = 1 - F (lower) , R 
9 
The  transmission  coefficient  evaluated  from  Equation (1) may 
be  used  to  calculate  the  serration  transmission Ti(y) as a function 
of serration  position,  the  fraction  Aj  transmitted  for  one  wavelength 
interval,  and  the  total  sunlight  transmittance  A: 
The w -  are  spectral  weighting  factors, W is  the  lens  width, 
(AY)~ the  serration  width,  and  the  summations, (C) and (I), are 
over  all  lens  serrations  and  all  solar  wavelengths[l].  In  deriving 
the  above  equations,  the  decrease  in  incident  flux  caused  by  the 
small  tracking  error  is  assumed  negligible  since  the  cos6  factor 
is  essentially 1:OO for  all  errors  studied. 
1 
i  j 
B. Concentrated  Flux  Distribution 
The  local  concentration  ratio  in  an  image  plane  below  the 
lens  is  given  by [l] 
with  Lij  the  beam  spread  width.  Now 
L = Y r - Y g ,  (32) 
where Yr and YE are  the  extreme  ray  intercepts  in  the  image  plane 
for  light  exiting  a  serration.  Determination of these  intercepts 
for  all  serrations  in  the  presence of a  transverse  tracking  error 
10 
constitutes  the  balance of the  analysis. The study of refraction 
of extreme  rays  is  divided  by  considering  separately  the  upper  and 
lower  lens  halves  and  subdivided  according  to  the  magnitude of th
tracking  error  compared  to  the  angle (2a) subtended  by  the  solar 
disc. 
1. Upper  Half of Lens 
a. 6 > a  - 
Extreme  rays  exiting  at  the  serration  edges  are  depicted  in 
Figure 4. For  this  case, 
( AY 1 i 
y, = yi + 7 - (f + AR - t) tan y1 , (33) 
YRu = yi -  - (f + AR - t - (Ay)itanei)tany2,  (34) 
2 
where AR is a defocus  parameter  and  y1, y2 are  ray  exit  angles. 
Applying  Snell's  law  at  the  two  surfaces. 
y1 = Arcsin [n sin (a; + e,)] - ei ; 
y2 = Arcsin [n sin (a; + ei] - Oi ; 
where 
a,; = Arcsin 
and 
ai = Arcsin 
For  this  case,  the  ray  determining YR is  identical  to  that 
in  Figure 4. Hence YR is  given  by  Equation (34). Figures S(a), 
(b), and  (c) illustrate  three  possible  refraction  scenarios  for 
the  ray  determining Yr depending on the  groove  angle  and  the  ray 
position  with  respect  to  the  serration  normal  at  the  grooved  surface. 
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Figure 4.  Extreme ray  pa ths  i n  uppe r  l ens  ha l f  s e r r a t ions ;  6 > a .  
1 2  
Figure 5. Extreme I :ay path IS i n  upper lens h a l f  s 
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For the  situation  in  Figure 5(a), 
y3 + Arcsin [n sin (ei - a;)] - Bi , 
and 
a; = \a;\ 
For the  rays  in  Figure 5(b) and 5(c) , 
where 
Y4 = - Y3 . (43) 
2. Lower Half of Lens 
a. 6 > a  - 
Figure 6(a)  and 6(b) display  possible  ray  paths  determining 
the  intercept Yr f o r  serrations  in  the  lower  lens  half.  Nith 
the  aid of  Figure 6(a), 
where 
y5 = Arcsin[n si.n(ei - u’)l 1 - e .  1 ’  
r. = si tan a; , 1 
and 
1 4  
b )  
Figure 6 .  Yr extreme ray p a t h s  i n  l o v e r  l e n s  h a l f  s e r r a t i o n s ;  6 2 a. 
The case in  F igu re  6 (b )  may occur  for  smal l  g roove  angles  
and the  r e su l t s  a r e  a l so  desc r ibed  by  Equa t ions  ( 4 4 )  t h ru  (47 ) .  
Rays determining Yll a r e  d e p i c t e d  i n  F i g u r e  7 ( a ) ,  ( b ) ,  and 
(c).  Us ing   t he   ske t ch   i n  (a) ,  
where 
y6 = Arcs in[n   s in(e i  - a')] - 8 .  , 2 1 
For  the  cases   in   Figure  7(b)   and  (c) ,  
(49) 
Y = - y i  + - - cf + AII  - t - (Ay)itan B i + J  t a n  y (50) (AY) i 
llb 2 6 '  
b. 6 c a  
For an error  angle  less than  the  ha l f  angle  subtendzd  by 
t h e  s u n  a n d  f o r  s e r r a t i o n s  i n  t h e  l e n s  l o w e r  h a l f ,  t h e  r a y  
shown in  F igu re  S d e t e r m i n e s  t h e  i n t e r c e p t  p o s i t i o n  Yrb: 
'rb - Y i  - " 
- cf + All  - (Ay)itan ei] t an   y7  
2 
where 
y7 = Arcs in [n   s in  (€Ii+ a;)] - ei . (52)  
The i n t e r c e p t  YQb i s  def ined   th ru   F igure  7 and  Equations (48)  
t h r u  (50).  
Using  Equations (32) t h r u  (52 ) ,  t h e  beam spread  width L 
for  sunl ight  wi th  wavelength  X .  and r e f r a c t e d  by any  se r r a t ion  
1 
may be  computed. Summing over  a l l  vave lengths   and   se r ra t ions  
i n  E q u a t i o n  ( 3 1 )  y i e l d s  t h e  i n t e n s i t y  p r o f i l e  i n  the chosen 
i n t e r c e p t  p l a n e .  
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"7 
(a '"t t CY) 
3"" - 
Figure 7. Yk ext reme ray  pa ths  in  lower  lens  ha l f  se r ra t ions ;  6 2 a. 
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Figure 8. Y, extreme ray path in lower lens h a l f  serrations; 6 < a. 
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111. THEORETICAL RESULTS 
Based on the  p reced ing  theo re t i ca l  model, a computer program was 
developed t o  p r o v i d e  example  performance  data.  Lens  parameters were 
se lec ted  to  cor respond wi th  ex is t ing  exper imenta l  concent ra tors  (Tables  
1 and 2 )  t o  f a c i l i t a t e  compar isons  of  ana ly t ica l /exper imenta l  resu l t s .  
Per formance  da ta  for  o ther  lens  sizes may be approximately determined by 
u s i n g  a p p r o p r i a t e  s c a l i n g  f a c t o r s .  
For the  computa t ions ,  the  so la r  spec t rum proposed  by Moon [4] as 
a s t anda rd  so la r  r ad ia t ion  cu rve  was incremented as i l l u s t r a t e d  i n  T a b l e  
3 and appropr i a t e  we igh t ing  f ac to r s  a s s igned .  Bulk t r a n s m i t t a n c e  f a c t o r s  
for a c r y l i c  were determined by t h e  method o u t l i n e d  i n  [ I ]  and are a l s o  
l i s t e d  i n  T a b l e  3 a long  wi th  the  ind ices  o f  r e f r ac t ion  ob ta ined  from 
manufacturer ' s   data   [SI .  
With these  input  parameters  and da ta ,  t he  l ens  t r ansmiss ion  and f o c a l  
p l a n e  s o l a r  images were s t u d i e d  as a func t ion  o f  t r ansve r se  t r ack ing  e r ro r  
up t o  2.5" f o r  t h e  56 cm l e n s  and 0.75" f o r  t h e  1 . 8  m l e n s .  
A. Example Data - 0.56 Meter Test Lens 
1. Lens  Transmission 
To ta l  l ens  sun l igh t  t r ansmi t t ance  was p r a c t i c a l l y  u n a f f e c t e d  by 
the  presence  of  a small t r a n s v e r s e  t r a c k i n g  e r r o r .  The computed t r a n s -  
mittance  decreased  by less than 1% (from  87.4 to 86.6%) as t h e  t r a c k i n g  
e r r o r  was inc reased  from 0" t o  2.5'. The decrease may b e  a t t r i b u t e d  
to  groove  edge  losses  and  to  increased  re f lec t ion  losses  for  upper  ha l f  
grooves.  A s  i l l u s t r a t e d  i n  T a b l e  4 ,  h ighe r  t r ansmiss ion  fo r  l ower  ha l f  
s e r r a t i o n s  p a r t i a l l y  compensates f o r  t h e  i n c r e a s e d  u p p e r  h a l f  r e f l e c t i o n  
l o s s e s .  The  changes i n  t r a n s m i s s i o n  f o r  t h e  two l ens  ha lves  wi th  r e spec t  
t o  t h e  z e r o  t r a c k i n g  e r r o r  case are i l l u s t r a t e d  by  the  data .   In   general ,  
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TABLE 1. TEST  LENS  CHARACTERISTICS 
I 
I 
Lens  Type 
Material 
i 
I 
I Fabrication Technique 
Manufacturer 
f-number 
Center Thickness 
Groove Density 
Design Wavelength 
~~ - -~ ~ . .~.. ." "~ 
Cyl ind r i ca l  F resne l ,  Grooves Down 
Rohm and Haas P lex ig l a s  VS 
Compression Molding 
Optical  Sciences  Group,  Inc. 
1.0 
0.434 cm (0 .171  in . )  
13.58/cm (34. S / in . )  
5893 
-. . ~ i - ~ . " . .  - i . " 
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TABLE 2.  LARGE TEST  LENS  CHARACTERISTICS 
Lens Type 
Material 
Fabricat ion Technique 
Manufacturer 
Width 
Focal  Length 
(for  design wavelength)  
Geometric F-Number 
Center Thickness 
Groove Density 
Design Wavelength 
Cylindrical  Fresnel ,  Grooves Down 
Rohm and Haas P lex ig l a s  V(811) 
Compression Molding 
Optical   Sciences Group, Inc.  
182.9 cm (72 in)  Act ive Aperture  
186.7 cm (73.5 in)  Total  Aperture  
168.0 cm (66.15 in)  
0.9 
0.594 cm (0 .234  i n )  
8 .8  cm-l ( inner  18 inch  panel )  
1 3 . 2  cm-' (ou ter  18  inch  panel )  
625 nanometers 
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TABLE 3. SOLAR AND LENS  PECTRAL  PARAMETERS 
Wavelength Center Weighting Acrylic Index Acrylic Bulk 
Increment Wavelength Factors of Refraction Transmittance Factor 
(ax) j A j w j n j (Tal j 
(microns)  (microns) 
0.295-0-40  0.374 2 . 6 7 ~ 1 0 - ~  1.5250  (estimate)  0.962 (0.675). 
0.40-0-.43  0.416  2.75  1.5155 1 (0.9951, 
0.43-0.45 
0.45-0.47 
0.47-0.49 
0.49-0.51 
0.51-0.53 
0.53-0.55 
0.55-0.57 
0.57-0.60 
0.50-0.63 
0.63-0.66 
0.66-0.69 
0.69-0.73 
0.73-0.78 
0.78-0.83 
0.83-0.89 
0.89-0.99 
0.99-1.06 
1.06-1.21 
0.441 
0.460 
0.480 
0.500 
0.520 
0.540 
0.560 
0.585 
0.615 
0.645 
0.675 
0.709 
0.753 
0.804 
0.857 
0.953 
1.024 
1.129 
2.44 
2.91 
3.20 
3.27 
3.23 
3.22 
3.19 
4.73 
4.73 
4.75 
4.56 
5.37 
5.91 
5.62 
6.23 
6.06 
5.65 
6.21 
1.5018 
1.4999 
1.4982 
1.4968 
1.4954 
1.4942 
1.4930 
1.4918 
1.4906 
1.4895 
1.4886 
1.4876 
1.4865 
1.4854 
1.4845 
1.4832 
1.4826 
1.4818 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
0.9 48 
1.21-1.52 1.274 6.49 1.4812 (est imate)  0.912 
1.52-2.2 1.642 6.81 1.4808 (est imate)  0.570 
?Values i n  parentheses used for 1.8 m lens computations. 
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TABLE  4.  COMPUTED  SUNLIGHT  TRANSMITTANCE OF TEST  LENS  SERRATIONS; 
0.56 M LENS 
Serration 
Number 
0 
20 
40 
60 
80 
100 
120 
140 
160 
180 
200 
220 
240 
260 
280 
300 
320 
340 
360 
380 
Serration 
Position 
Y i/W 
6.494~10'~ 
2.662~10-~ 
5.260~10-~ 
7.857~10-~ 
.lo45 
.1305 
.1565 
.1825 
.2084 
,2344 
.2604 
.2864 
.3123 
.3383 
.3643 
.3903 
.4162 
.4422 
.4682 
.4942 
I Sunlight  Transmittance i 
6 = 0" 1 6 = 2.5O 
(Each  Lens  Half) 
-8878 
-8878 
.8878 
.8877 
.8875 
.8873 
.8869 
.8862 
.8852 
.8839 
.8820 
.8795 
-8763 
.8724 
.8675 
.8616 
.8546 
.8464 
-8369 
.8260 
Lens  Half 
.8878 .8878 
.8864 
.8473  .7723 
.8540 .7921 
-8600  .8086 
.8653  .8224 
.8699 .8338 
.8739  .8434 
.8772 .8512 
.8800 .8578 
.8822 .8631 
.8840  .8675 
.8853  .8711 
.8863  .8741 
.8869  .8766 
.8874 .8787 
.8876 .8805 
.8878 .8821 
.8878 .8836 
.8878 .8850 
.8485 
Upper Lower 
TABLE 5. LENS  TRANSMITTANCE OVER THE  SOLAR  SPECTRUM 
FOR A TRANSVERSE  TRACKING ERROR OF 1.5' ; 
0.56 M LENS 
Wavelength 
Increment 
(microns) 
(AA 1 j 
Transmittance Wavelength 
Increment 
(MI j 
(microns) 
0.295-0.40 
0.40-0.43 
0.40-0.45 
0.45-0.47 
0.47-0.49 
0.49-0.51 
0.51-0.53 
0.53-0.55 
0.55-0.57 
0.57-0.60 
0.60-0.63 
Total  sunlight 1 
0.8592 
.9002 
.9016 
.9022 
.9028 
.9033 
.9038 
.9042 
.9046 
.9050 
.9054 
xmsmittance = 0.870 
0.63-0.66 
0.66-0.69 
0.69-0.73 
0.73-0.78 
0.78-0.83 
0.83-0.89 
0.89-0.99 
0.99-1.06 
1.06-1.21 
1.21-1.52 
1.52-2.2 
Transmittance 
.9058 
.9061 
.9065 
.9068 
.9072 
.9075 
-9079 
.g081 
.8611 
.8286 
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t r a n s m i t t a n c e  d e c r e a s e s  w i t h  i n c r e a s i n g  s e r r a t i o n  d i s t a n c e  from t h e  
l e n s  c e n t e r ,  as i l l u s t r a t e d  i n  F i g u r e  9 f o r  a 1.5O t r ack ing  e r ro r ,  due  
t o  t h e  l a r g e r  g r o o v e  a n g l e s  and hence increased angles  of  incidence.  
A t r a c k i n g  e r r o r  i n c r e a s e s  t h e  a n g l e s  o f  i n c i d e n c e  a t  t h e  grooved 
s u r f a c e  f o r  t h e  u p p e r  l e n s  h a l f  and dec reases  these  ang le s  f o r  t h e  
lower half .  
Groove  edge l o s s e s  r e s u l t  i n  a reduced transmit8ance but are of 
minor  impor tance  for  the  small t r ack ing  e r ro r s  cons ide red .  For upper 
ha l f  s e r r a t ions ,  edge  lo s ses  inc rease  mono ton ica l ly  from nea r  ze ro  fo r  
t h e  c e n t e r  s e r r a t i o n  t o ,  t y p i c a l l y ,  1 t o  2% f o r  t h e  o u t e r m o s t  s e r r a t i o n ;  
e . g . ,  a t  1 .5 '   t r ack ing   e r ro r   t he  maximum l o s s  i s  1.33%.  For  the 
lower half and 6 > a, b l o c k i n g  l o s s e s  o c c u r  o n l y  f o r  s e r r a t i o n s  w i t h  
small groove  angles .   Figures   3(a)  and 3 ( b )   i l l u s t r a t e   t h e   b l o c k i n g  
mechanisms r e spons ib l e  fo r  t he  t r ansmi t t ance  "d ip"  nea r  t he  l ens  cen te r  
shown in  F igu re  9 f o r  a t racking error  of  1 .5 ' .  These blocking mecha- 
nisms cease to  funct ion when the groove angle  becomes s u f f i c i e n t l y  
1 arge  . 
Table 5 l i s ts  t h e  l e n s  t r a n s m i t t a n c e  f o r  e a c h  o f  t h e  2 2  i n t e r v a l s  
of  the  so la r  spec t rum used  in  the  computa t ions .  Absorp t ion  in  the  lens  
material occur s  p r imar i ly  in  the  in f r a red  r eg ion  o f  t he  so l a r  spec t rum.  
For  example,  high absorpt ion drops the t ransmit tance in  the spectral  
range  1.52-2.2  microns  from  above 90% t o  below  52%. The r e f l e c t i o n  
l o s s e s  are seen to  decrease only very s lowly with wavelength.  
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Figure 9. Transmittance Versus serration position for 6 = 1.5'; 
0.56 m lens. 
2. Focal  Plane  Intensity  Profiles 
The loca l  concent ra t ion  ra t io  as a funct ion of  focal  plane posi t ion 
has been computed fo r  t he  tes t  lens  for  t ransverse  t racking  er rors  i n  
the range 0'- 2.5'. Figures 10  and 11 depic t  the  computed i n t e n s i t y  
p ro f i l e s .  The presence of a t racking  er ror  modi f ies  the  d is t r ibu t ion  
of concentrated sunlight by (1) l a t e r a l l y  s h i f t i n g  t h e  p r o f i l e , . . ( 2 )  gen- 
eral ly  reducing the peak concentration, and (3Daltering the profile symmetry 
~ .- 
The l a t e r a l  s h i f t i n g  o f  t h e  p r o f i l e  i s  quant i f ied in  Figure 1 2  by 
p lo t t i ng  the  peak p o s i t i o n  s h i f t  as a funct ion of  or ientat ion error .  
The shift  increases approximately l inearly over the range examined  and 
may be compared with the image displacement 6 x f expected for a mono- 
chromatic point source. 
The change in  the  foca l  p lane  peak concentration with increasing 
t racking  er ror  i s  depicted in  Figure.13 . For a small  misalignment  angle 
larger than a and fo r  t h i s  pa r t i cu la r  i n t e rcep t  p l ane ,  t he  computed peak 
concentration i s  greater  than the zero t racking error  case,  but  then 
monotonically  decreases as the  e r ror  increases .  For 6 < a , . t h e  peak 
concentration remains nearly constant. 
P ro f i l e  asymmetry becomes conspicuous fo r  t he  l a rge r  t r ack ing  e r ro r s ,  
with a long "tailT1 developing in a d i rec t ion  away from the  foca l  l ine .  
This redistribution of energy simultaneously sharpens the profile on the 
other  s ide.  
Inc reas ing  p ro f i l e  sh i f t  and skewness wi th  t racking  er ror  resu l t  
i n  l a rge  inc reases  in  the  t a rge t  width designed t o  i n t e r c e p t  an acceptable 
fraction of the concentrated energy. The target  widths  required for  90% 
interception beneath concentrators with tracking systems whose design 
tolerances are  2 6 a r e  i l l u s t r a t e d  i n  F i g u r e  14 . As an  example, fo r  
26 
6or 1 I I I I 
I 
50 t 
(centimeters) 
In 
0 .I 
FOCAL PLANE POSITION (Y/W) 
Figure 10 .  Transverse  or ien ta t ion  e f fec ts  on i n t e n s i t y  p r o f i l e ;  
0.56 m lens.  
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Figure 11. Transve r se  o r i en ta t ion  e f f ec t s  on i n t e n s i t y  p r o f i l e ;  
0.56 m lens .  
0 Computed Shift 
6 x  f 
0 
0 
0 / 
TRANSVERSE  ORIENTATION  ERROR  (DEGREES) 
'5 
?.O 
R z 
=! 
3 1.5 m 
-I 
XI 
m 
v) 
Y 
I .o 
0.5 
0 
3( 
2! 
2c 
1: 
IC 
e * 
0 
+5 
0 
0 
U 
1 t I I I 
0.5 I .o I .5 20 2.5 
TRANSVERSE ORIENTATION ERROR (DEGREES) 
Figure 13. T r a n s v e r s e  o r i e n t a t i o n  e f f e c t s  on peak .concentrat ion;  
0.56 m l ens .  
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Figure 14. Transverse or ientat ion effects  on target -width; 
0.56 m l ens .  
6 = +lo, a t h r e e - f o l d  i n c r e a s e  i n  t a r g e t  w i d t h  o v e r  t h e  p e r f e c t  
alignment case is computed f o r  t h e  tes t  lens  (4 .1  cm vs 1.4 cm). 
P r o f i l e  s h i f t  i s  r e s p o n s i b l e  f o r  most o f  t h i s  i n c r e a s e .  If the  ze ro  
misa l ignmen t  p ro f i l e  i s  s i m p l y  s h i f t e d  t o  t h e  1 "  p r o f i l e  p e a k  p o s i t i o n ,  
t h e  c h a n g e  i n  t h e  t a r g e t  w i d t h  r e p r e s e n t s  r o u g h l y  7 0 %  o f  t h e  i n c r e a s e  
computed f o r  t h e  1 "  p r o f i l e .  F o r  l a r g e r  t r a c k i n g  e r r o r s ,  t h e  
importance of profile skewness grows. 
B .  Example Data - 1.8  Meter Test Lens 
The t r a n s m i t t e d  f r a c t i o n  o f  s u n l i g h t  s t r i k i n g  t h e  t o t a l  l e n s  
a p e r t u r e  was computed t o  b e  0.842 f o r  a f l a w l e s s l y  t r a c k i n g  l e n s .  
The t ransmit tance dropped by less than two-tenths  of  one per  cent  
f o r  t r a n s v e r s e  d e v i a t i o n s  up t o  0.75". 
Focal  plane image prof i les  were determined for  errors  o f  0, 0.15, 
0 .26,   0 .52,   and  0 .75"  (Figure  15) .   These  prof i les   exhibi t  similar 
cha rac t e r i s t i c s  w i th  r e spec t  t o  peak  sh i f t  (F igu re  16 ) ,  peak  concen-  
t ra t ion reduct ion (Figure 17) ,  and skewness  as i n  t h e  p r e v i o u s  
example.   Again,   substant ia l   increases   with  t racking  error   are  
obse rved  in  the  t a rge t  w id th  r equ i r ed  to  in t e rcep t  90% o f  t h e  t r a n s -  
mi t ted   f lux   (F igure   18) .  For example, f o r  a lens   concentrator   system 
d e s i g n e d  t o  track the center  of  the sun within +0.25",  the aperture  of  
the  secondary  concent ra tor  o r  absorber must be increased in width 
by approx ima te ly  one  th i rd  ove r  t ha t  r equ i r ed  fo r  t he  flawless 
t r ack ing  case .  
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Figure 15. Transverse  orientation  effects  on  intensity  profile; 1.83 m lens. 
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Figure 16 .  T r a n s v e r s e   o r i e n t a t i o n   e f f e c t s  on 
p r o f i l e  peak posi t ion;  1 . 8 3  m l ens .  
34 
0 
0 
0 
0 
d 0.i de4 6.6 6.8 
TRANSVERSE ERROR (DEG) 
Figure   17 .   T ransve r se   o r i en ta t ion   e f f ec t s  on peak 
concent ra t ion ;  1 .83  m l ens .  
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Figure   18 .   T ransve r se   o r i en ta t ion   e f f ec t s  on t a r g e t  
width;  1 .83 m lens .  
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IV. SUMMARY AND CONCLUSIONS 
A n  o p t i c a l  r a y  trace a n a l y s i s  f o r  a s s e s s i n g  small (<5") t r a n s v e r s e  
t r ack ing  e r ro r  e f f ec t s  on  the  so l a r  t r ansmiss ion  and  imag ing  p rope r -  
t ies  of  a l i n e a r  F r e s n e l  l e n s  was developed .  In  addi t ion  to  
t r ack ing  e r ro r ,  va r i ab le  pa rame te r s  i nc lude  in t e rcep t  p l ane  pos i t i on  
and  such  l ens  cha rac t e r i s t i c s  as f-number, groove density, and 
des ign  index  o f  r e f r ac t ion .  
Transmittance and image profile computations were performed f o r  
a 56 cm wide, f /1.0 and a 1 .83  m, f /0 .9  t es t  l e n s  t o  p r o v i d e  a 
data  base for  comparison with experimental  data  from NASA t es t  
programs. 
Lens t ransmi t tance  i s  only s l ight ly  degraded (<1%) for  misal ignments  
up t o  2 . 5 " .  
S o l a r  image degrada t ion  wi th  t racking  er ror  inc ludes  an  approximate ly  
l i n e a r l y  d e p e n d e n t  p r o f i l e  s h i f t ,  a peak concentrat ion reduct ion,  
and  increased  prof i le  skewness .  
The 90% t a r g e t  i n t e r c e p t  w i d t h  i n c r e a s e s  r a p i d l y  f o r  small t r ansve r se  
t r ack ing  errors ,  a lmos t  t h ree fo ld  fo r  a 1 "  e r r o r  o v e r  t h e  p e r f e c t  
t r a c k i n g  c a s e  f o r  t h e  small t es t  a r t i c l e ,  and a t  a similar rate f o r  
t h e  l a r g e  l e n s .  
The pr imary  cause  for  ta rge t  wid th  increases  in  the  presence  of  
t r a n s v e r s e  t r a c k i n g  e r r o r s  i s  p r o f i l e  s h i f t .  
The theo ry  and  r e su l t s  i n  th i s  s tudy  p rov ide  an a n a l y t i c a l  b a s e ,  
a l b e i t  a p p r o x i m a t e ,  f o r  t h e  d e s i g n  o f  t h e  i n t e r r e l a t e d  t r a c k i n g  
and t a rge t  abso rbe r  sys t ems  fo r  a f l a t  l i n e a r  F r e s n e l  l e n s  s o l a r  
concent ra tor .  
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APPENDIX 
GROOVE BLOCKING LOSSES 
Assuming a l l  s o l a r  r a y s  s t r i k i n g  a groove edge are l o s t ,  t h e  p r o b l e m  
i s  t o  c a l c u l a t e ,  f o r  a given small t r a c k i n g  e r r o r ,  t h e  a v e r a g e  f r a c t i o n  o f  
i n c i d e n t  r a y s  on a s e r r a t i o n  which are b locked  f rom reaching  the  so la r  image. 
Noting our approximation of zero ray axial components, each case i l l u s t r a t e d  
in   F igu res   2 (a ) ,   ( b ) ,   ( c )  and Figures 3 ( a ) ,  (b ) ,  (c)  must  be  evaluated  sep- 
a r a t e l y .  
CASE : Figure Al'(a), upper  ha l f .  
Redrawing the ray diagram of F igure  2(a)  to  provide  more d e t a i l ,  it i s  
o b s e r v e d  t h a t  t h e  l o s t  f r a c t i o n  o f  r ays  inc iden t  a t  an angle $i on the ser- 
r a t i o n  o f  width by i s  
F = -  S 
AY 
Now 
s = A t  tan$t , 
where 
A t  = Ay t a n  O i .  
Then 
s = Ay t a n  O i  tan $t  . 
Using S n e l l ' s  law o f  r e f r a c t i o n ,  
sin$, 
tan$t  = 
, / n T  
Combining Equations (A-1) t h r u  (A-5). 
F ( I$~)  = t a n 0 -  s i n $ i  
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Figure A l .  Ray diagrams f o r  'groove  edge losses i n  upper lens  h a l f .  
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For a t r a c k i n g  e r r o r  6, t h e  a v e r a g e  f r a c t i o n  l o s t  is  
where $o = ' 6  - a i f  6. > .a and O0 = 0 i f  6 < a. 
Assuming small t r a c k i n g  e r r o r s ,  s i n  $i = $i, and t h e  i n t e g r a l  s i m p l i f i e s  t o  
Eva lua t ion  o f  t h i s  s imple  in t eg ra l  y i e lds  
and 
(A- 10) 
CASE : Figure A 1  (b) , upper  half .  
Refer r ing  to  the  d iagram,  it i s  c l e a r  t h a t  i n  t h i s  c a s e ,  b l o c k i n g  
losses  can occur  only i f  6 < a and when t h e  a n g l e  o f  r e f r a c t i o n  a t  t h e  
first su r face  is g rea t e r  t han  or equa l  t o  Oi, r e q u i r i n g  
$i > A r c s i n ( n   s i n  Oi).  (A-11) 
(Here O i  i s  the  g roove  ang le  fo r  t he  i t h  se r r a t ion  wh i l e  qi. i s  the  . ang le  
of   incidence.  Thus the   subscr ip ts   have   d i f fe ren t   meanings . )   S ince   for  
t h i s  case $i has  a maximum value  of  a (when 6 = 0 ) ,  these  condi t ions  are 
poss ib l e  on ly  for small O i ,  i . e . ,  o n l y  f o r  a few of  the grooves,  i f  any, 
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near t h e  l e n s  c e n t e r .  Hence t h e  l o s s e s  are expec ted  to  be  inconsequen t i a l .  
From Figure Al@), twice u s i n g  t h e  t r i a n g l e  law o f  s i n e s ,  and recogniz- 
i n g   t h a t  
A t  = ~y tan ~ i + ~  , (A-12) 
t h e  l o s t  f r a c t i o n  f o r  rays wi th  angles  o f  i n c i d e n c e  $ i  i s  
(A- 13) 
Applying S n e l l ' s  law o f  r e f r a c t i o n  a t  t h e  two l e n s  s u r f a c e s  and u s i n g  t h e  
fact  t h a t  #i and Oi are very  small, 
9 i  
n 
9 t = -  9 
and 
$i $i - noi . 
Fur ther  
(A- 14) 
(A- 15) 
cos(+t  - Oi) = cos 'pi = cos $It = 1 . (A- 16) 
Then 
F($ i )  = t a n  O i + l  [@i - (n - 1) O i l  . (A- 17) 
I n t e g r a t i n g  as in  Equat ion (A-7) ,  the average fract ion of  incident  sunl ight  
l o s t  t h r u  t h i s  b l o c k i n g  mechanism i s  
F: = 
t a n  O i + l  
[ $ i  - (n - 1) O i l  dOi . ( A - I S )  
To de termine  the  appropr ia te  limits o f  i n t eg ra t ion ,  we n o t e  t h a t  t h e  m a x i -  
mum $ i  i s  a - 6 and t h a t  t h i s  t y p e  o f  b l o c k i n g  does not  occur  i f  $< i n  
FigureAl(b),becomes  zero. Thus 
$ f =  a - 6 ; $  I $ ~  = nOi , (A- 19) 
and proceeding with the s imple integrat ion in  (A-18) ,  
and obviously 
FE = 0 f o r  noi > a - 6 . (A-21) 
CASE: Figure A 1  (c) , upper ha l f .  
Apply ing  the  t r iangle  law o f  s i n e s  t o  determine s as in  the  p rev ious  
case ,  t he  r ay  d i ag ram y ie lds  
tm g i + l  s i n ( g i  - 9;) c o s ( @ t  - ei) . F($i) = %- = -- 
AY cos 4; cos 
(A-22) 
Again 
$t". @i 
n 
A 1  so  
s i n  = n sin(Oi - -) @i 
n 
(A- 2 3) 
(A- 2 4) 
= n  s i n  Oi - $i cos .  ei 
where 
NOW 
(A-27) 
(A- 28) 
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where t h e  limits o f  i n t e g r a t i o n  f o r  t h i s  case are 
@ f = a - 6  (A-29) 
@o = noi - n a r c s i n  ( 1 .  (A- 3 0) s i n  O i  n 
E v a l u a t i o n  o f  t h e  i n t e g r a l  i n  (A-28) us ing  (A-25) t h r u  (A-30) y i e l d s  
Equation (13) i n  t h e  t e x t  of t h e  ' r e p o r t .  F o r  t r a c k i n g  e r r o r s  6 > a, 
FG' = 0. 
CASE: Figure  A2(a) ,   lower   half   of   lens .  
Assuming 6 < a and r e f e r r i n g  t o  t h e  r a y  d i a g r a m ,  
F ( @ ~ )  = 2 = t a n  oi t a n  @t . (A-31) 
AY 
Using S n e l l ' s  law, 
and the assumption of small 6 ,  
Then 
Using ( a  - 6) << n, 
For 6 > a , F i  = 0 .  
(A-32) 
(A-33) 
(A-34) 
(A- 35) 
CASE: Figure A 2  (b) lower  half .  
This blocking mechanism should be n o n t r i v i a l  o n l y  f o r  s e r r a t i o n s  
very near t h e  l ens  cen te r  and  fo r  t h e  l a rge r  t r ack ing  e r ro r s .  Us ing  
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Figure A2. Ray diagrams for groove  edge  losses  in  lower  lens half. 
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t h e  t r i a n g l e  law of  s ines ,  
Again using the fact  t h a t  a l l  angles  o f  inc idence  Gi  are very  small 
f o r  small 6 and u s i n g  S n e l l ’ s  laws, 
[A- 3 7) 
Then 
F(Oi) y t a n  [@i - (n - l)OiJ . (A- 3 8) 
In t eg ra t ing  ove r  poss ib l e  ang le s  o f  i nc idence  and u s i n g  t h e  limits 
( for  se r ra t ions  which  have  n Oi < 6 + a)  , 
@ o = n O i  ; @ f = 6 + a  , (A-39) 
t a n  0- 
4a 
F I I  - ‘-+I- (6 + a - nei) [6 + a + (2 - n ) ~ i ~ .  
(A-40) 
CASE: Figure  A2(c),   lower  half .  
Observing the ray diagram and u s i n g  t h e  t r i a n g l e  law o f  s i n e s ,  
t a n  O i + l   COS($^ - Oi)  sin(Oi - @<) 
F(@i)  = 
cos Ot cos  @; 
(A-41) 
Not ing  tha t  (A-41) i s  i d e n t i c a l  w i t h  (A-22) , Equations (A-23) t h r u  
(A-28) are a l s o  f o u n d  t o  a p p l y  t o  t h e  p r e s e n t  case. To determine  the 
appropr ia te  limits o f  i n t e g r a t i o n  f o r  f i n d i n g  t h e  a v e r a g e  l o s t  f r a c t i o n  
o f  r a y s ,  it i s  n o t e d  t h a t  Go i s  the  ang le  o f  i nc idence  fo r  which t h e  
emergent ray i s  h o r i z o n t a l :  
$o 2: n Oi - :n  Arcsin ( s i n  O i  
n 1 ,  (A-42) 
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1- 
and 
Q f = n O i  , i f  n O i < 6 + a  ; (A-43) 
Q f = 6 + a  , i f  n O i > 6 + a .  (A-44) 
Evaluat ion of the  in t eg ra l  i n  Equa t ion  (A-28) us ing  the  limits i n  
(A-42; 43 ,   44 )  yields  Equat ions (24) and (25) i n  t h e  t e x t  o f  t h e  
r e p o r t .  
NASA-Langley, 1977 
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